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CONFORMAL KILLING FORMS IN KA¨HLER GEOMETRY
PAUL-ANDI NAGY AND UWE SEMMELMANN
Abstract. For Ka¨hler manifolds we explicitly determine the solution to the conformal
Killing form equation in middle degree. In particular, we complete the classification
of conformal Killing forms on compact Ka¨hler manifolds. We give the first examples of
conformal Killing forms on Ka¨hler manifolds not coming from Hamiltonian 2-forms. These
are supported by Calabi type manifolds over a Ka¨hler Einstein base. In this set up we
also give structure results and examples for the closely related class of Hermitian Killing
forms.
1. Introduction
Let (M2m, g, J) be a connected Ka¨hler manifold of complex dimension m ≥ 3. The aim
of this paper is to study the overdetermined system of first order equations on a pair (ϕ, τ)
of differential forms given by
(1.1) ∇Xϕ = X1,0 ∧ τ + i
2
ω ∧ (Xy τ)
for all X in TM where ϕ ∈ Λ1,m−10 M is a primitive form of complex type (1, m− 1). For
such pairs, the form τ in Λ0,m−1M is determined from τ = − 2
m+1
∂∗ϕ. For explanation on
notation and the various conventions see the body of the paper. We will study equation
(1.1) in full generality, in the sense that the metric g is not assumed to be complete nor
M to be compact.
1.1. Motivation. Equation (1.1) naturally appears when studying conformal Killing forms
on Ka¨hler manifolds, see [18], where its solutions are referred to as specialm-forms. Indeed,
solutions of (1.1) are precisely primitive conformal Killing forms in Λ1,m−1M .
Conformal Killing p-forms (or twistor forms) are differential p-forms in the kernel of a
naturally defined conformally invariant 1st order elliptic operator, the so-called Penrose
or twistor operator [8, 31]. They generalise conformal vector fields for p = 1. Originally
conformal Killing forms, are motivated from physics. The interesting subclass of Killing
forms, i.e. co-closed conformal Killing forms, were used in relativity theory, for integrating
the equations of motion [23]. It turns out that Killing forms are related to several interesting
geometric structures, e.g. Sasaki, nearly Ka¨hler or nearly parallel G2 metrics [25]. At the
same time it could be shown [6, 18, 19, 26] that Killing p-forms, p ≥ 2, on compact manifolds
with special holonomy, in particular compact Ka¨hler manifolds, must be parallel. Later
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on conformal Killing forms became important in the study of symmetries of the massless
Dirac equation [7] and also in mathematics [1, 17]. Many interesting non-parallel examples
can be found, e.g. on compact Ka¨hler manifolds as the complex projective spaces.
In [18] conformal Killing forms on a compact Ka¨hler manifold of real dimension 2m with
m ≥ 3, have been classified up to degrees 2 and m. In degree two conformal Killing forms
turn out to be in 1 : 1 correspondence with Hamiltonian 2-forms. The latter have been
intensively studied in [4] and the follow-up papers. In particular one has local and global
classification results, as well as many interesting examples which underpin the geometry of
specific Hamiltonian torus actions. In degreem the classification of conformal Killing forms
remains an open problem. By results in [18] it amounts to (see section 3.2) determining,
when forms ϕ in Λ1,m−10 M solving the equation (1.1) exist. In our article we will solve
this problem and complete the classification of conformal Killing forms on compact Ka¨hler
manifolds. Moreover, we will produce first examples not coming from Hamiltonian 2-forms.
The conformal Killing equation and in particular (1.1) is an overdetermined system of
PDEs of finite type; its prolongation has been considered in [25]. This is indication that
an explicit procedure for constructing solutions may exist. We build it in several stages
relying on the key observation that τ is a Hermitian Killing form in the sense that
(1.2) ∇01τ = 1
m
∂ τ,
which aditionally satisfies d⋆τ = 0.
On the other hand (1.2) is a natural generalisation of the Killing equation in Ka¨hler
geometry for the operator ∇01 − 1
m
∂ is precisely the projection of ∇− 1
m
d onto T 01M ⊗
Λ0,m−1M . Hermitian Killing forms have already been considered in [21] in order to describe
the structure of the torsion of G1-manifolds and are of independent interest.
First order properties of the space HK0,m−1(M, g) of Hermitian Killing forms of type
(0, m − 1), including examples, are described in section 3, where the main observation
is that the non-vanishing of HK0,m−1(M, g) ∩ ker d⋆ forces the Ricci tensor of g to have
at most two eigenfunctions over M . In addition on the open part of M where g is non-
Einstein one eigenfunction has multiplicity 2. This eigenvalue type for the Ricci tensor
has been considered, for constant eigenfunctions, in [2]; it also appears as an integrability
condition for several classes of PDE‘s of geometric origin such as Ka¨hler metrics conformal
to Einstein [11] and Hamiltonian forms 2-forms of rank 1 [4].
1.2. Main results. Our first main result below consists in giving the complete local struc-
ture of solutions (ϕ, τ) to (1.1) together with that of the Ka¨hler structure (g, J).
Theorem 1.1. Let (M2m, g, J), m ≥ 3 be a connected Ka¨hler manifold admitting a solution
(ϕ, τ) to (1.1) such that ∂ τ is not identically zero. Then either ϕ is parallel w.r.t. the
Levi-Civita connection of g or one of the following situations occur
(i) the metric g is Ricci flat and equipped with a cone vector field VM . Up to adding
parallel forms to ϕ we have
ϕ =
1
4
V
1,0
M ∧ (VMyΨM), τ = VMyΨM
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where ΨM is a normalised complex volume form
(ii) (g, J) is locally of Calabi type, with local Ka¨hler Einstein base N , moment map z
and momentum profile X(z) = z(C1z
m + 2k
m
) with C1, k ∈ R. Then
ϕ =
z
X(z)
∂z ∧ τ, τ = zm îd.
The Ka¨hler structures occuring in (i) above are locally metric cones over Sasaki-Einstein
manifolds respectively the conification [16] of a 2(m−1)-dimensional Ka¨hler-Einstein man-
ifold. See section 4 for details. The definition and main properties of Calabi-type metrics
as in part (ii) of Theorem 1.1 are explained in sections 5.3 and 6.1 of the paper. The form
îd is a canonically defined (0, m−1)-form onM build with the aid of the Einstein condition
on N and its polarisation L(see section 6.2). Cases (i) and (ii) above do not overlap since in
the latter the metric is never Einstein. The geometry of Ka¨hler structures (g, J) carrying
a solution (ϕ, τ) to (1.1) such that ∂ τ = 0 has a different flavour and cannot be treated
with the current techniques. However we display a non-trivial class of such solutions in
the Ricci flat case (see section 4). Moreover when M is compact it is a simple observation
that ∂ τ = 0 forces ϕ to be parallel.
Based on Theorem 1.1 we complete the classification of conformal Killing forms on
compact Ka¨hler manifolds.
Theorem 1.2. Let (M2m, g, J), m ≥ 3 be a compact Ka¨hler manifold. Any primitive
conformal Killing form in Λ1,m−1M is parallel w.r.t. to the Levi-Civita connection of g.
Moreover, up to parallel forms, the space of conformal Killing forms with degree 6= 1, 2m−1
is
{Lk−1ω (ψ −
1
2k
〈ψ, ω〉ω) : ψ is Hamiltonian, 1 ≤ k ≤ m− 1}.
where Lω denotes exterior multiplication with the Ka¨hler form ω.
In dimension 4 it is an open problem, even for compact Ka¨hler manifolds, to fully
classify conformal Killing 2-forms. Partial results, including many examples not coming
from Hamiltonian 2-forms as well as the relation with ambi-Ka¨hler geometry can be found
in [24, 18, 20].
1.3. Outline of proofs. The key ingredient in proving Theorem 1.1 is to derive the full set
of integrability conditions for (1.1). To that extent we use foliation theory as follows. The
distribution V := ker(τ) has complex rank 1 off the zero set of τ . Denoting H := V⊥, the
integrability conditions mentioned above amount to showing that the components (∂τ)1
respectively (∂τ)3 of ∂τ on the subbundles (ω
V − ωH) ∧ Λ0,m−2H ⊆ Λ1,m−10 M respectively
Λ0,1V ∧ Λ1,m−20 H ⊆ Λ1,m−10 M vanish off the set where g is Einstein. Geometrically these
mean that V defines a totally geodesic, holomorphic and conformal foliation w.r.t. (g, J).
By results in [10](see also [22] for instances when V has arbitrary rank) this entails that
V induces a canonically defined symmetry K and at the same time guarantees that (g, J)
is locally of Calabi type. During this process we also show, just as in the case of ∂τ ,
that the components ϕ1 and ϕ3 of ϕ vanish, which makes that equation (1.1) essentially
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reduces to a first order ODE for the moment profile of K. Solving this ODE reveals that
K has momentum profile as indicated in Theorem 1.1, (ii) and also provides the explicit
expression for ϕ therein. On open sets where g is Einstein −Jgrad|τ |2 is a cone vector field
and Theorem 1.1 is proved by an easy direct argument.
To prove Theorem 1.2 we show that, a posteriori,
(1.3) p :=
scalg
m(2m− 1) |ϕ|
2 + |τ |2
is a real holomorphy potential on M in the sense that −Jgradp is a holomorphic Killing
vector field. To see this we use the local symmetry K constructed above together with the
unique continuation property for τ which allows fixing the constants of integration over
M and thus ensures that p is globally defined. In addition, we observe that p satisfies a
second order non-linear PDE, see (5.19); this leads to the claimed rigidity result by using
the maximum principle for the Laplace operator on functions.
1.4. Further results. In section 6 we examine global aspects pertaining to the theory
of Hermitian Killing forms. Starting from a polarised Ka¨hler manifold (N2(m−1), L) we
consider the Ka¨hler manifold M2m = L equipped with a Calabi type metric and calculate
explicitely the space HK0,m−1(M, g). The following theorem shows that there are large
classes of Ka¨hler metrics, including complete ones, such that the space of Hermitian Killing
has a rich structure.
Theorem 1.3. We have an isomorphism⊕
k∈Z
H0(N,KN ⊗ Lk)→ {τ ∈ HK0,m−1(M, g) : τ|V = 0}.
Above KN denotes the canonical line bundle of N and H
0(N,E) indicates the space of
holomorphic sections of a holomorphic bundle E. The vertical distibution distribution of
the fibration C →֒ M → N is denoted by V.
Remark 1.4. We believe that the foliation inspired techniques developed in this paper
could be applied to solve other PDEs of geometric origin. In particular to treat the imagi-
nary Ka¨hlerian Killing spinor equation, which is essentially a coupled equation for Hermit-
ian Killing forms with values in a complex line bundle. See [14, 12] for details and partial
classification results. The lifting technique developed in section 6 is expected to play a role
in this direction.
2. Preliminaries
2.1. Conformal Killing forms. Let (Mn, g) be a Riemannian manifold which is further-
more assumed to be oriented by a volume form ν in ΛnTM . A differential p-form ϕ in
ΛpTM is called a conformal Killing form if and only if
(2.1) ∇Xϕ = 1
p+ 1
Xy dϕ− 1
n− p+ 1X
♭ ∧ d⋆ϕ
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for all X in TM . Another interpretation of the equation involved in the definition of
conformal Killing forms is through the decomposition of the tensor product Λ1 ⊗ Λp. Let
a : Λ1 ⊗ Λp → Λp+1 be the total antisymmetrisation map and let the trace map t :
Λ1 ⊗ Λp → Λp−1 be given by t(ϕ) = ∑
i
eiyϕei for all ϕ in Λ
1 ⊗ Λp, where {ei} is a
local orthonormal frame of TM . We have then an orthogonal decomposition Λ1 ⊗ Λp =
Λp+1 ⊕ Λp−1 ⊕ (ker(a) ∩ ker(t)) and hence (2.1) is equivalent with the vanishing of the
component of ∇ϕ on ker(a) ∩ ker(t). We also define, for subsequent use, the algebraic
commutator [α, ϕ] =
∑
i
(eiyα) ∧ (eiyϕ) for all α in Λ2TM and for all ϕ in Λ⋆TM .
The rest of this section is devoted to recall various characterisations and properties
of conformal Killing forms. Let R be the Riemann curvature tensor of g, defined by
R(X, Y )Z = ∇2Y,XZ −∇2X,Y Z. The curvature operator R : Λ⋆TM → Λ⋆TM of the metric
g is given by
Rϕ =
∑
i,j
R(ei, ej) ∧ (eiy ejyϕ)
for all ϕ in Λ⋆TM . It preserves the degree of forms and vanishes on Λ1TM⊕Λn−1TM . The
Laplacian ∆ = dd⋆+d⋆ d acting on differential forms is related to the rough Laplacian by
(2.2) ∆ = ∇⋆∇ +R+ Ric.
Here Ric =
∑
R(ei, ·, ei, ·) is the Ricci tensor of the metric g, acting on forms ϕ in Λ⋆TM
according to Ric(ϕ) =
∑
i
Ric(ei)∧ (eiyϕ). Differentiating the conformal Killing form equa-
tion shows, after using the Weizenbo¨ck formula (2.2), that any conformal Killing form ϕ
in ΛpTM satisfies
(2.3)
p
p+ 1
d⋆dϕ+
n− p
n− p+ 1 dd
⋆ϕ = Rϕ + Ric(ϕ).
If moreover M is compact, the converse has been proved in [25]. In this paper we will
mainly use the following two facts.
Proposition 2.1. Let ϕ be a conformal Killing p-form and X any vector field. Then
(i) n−p
n−p+1
∇X(d⋆ϕ) + 1p+1Xy d⋆ dϕ = RicXyϕ+ 12(XyRϕ−R(Xyϕ))
(ii) d(Rϕ) = p−1
p+1
R(dϕ).
Proof. (i) has been proved in [25]. For proving (ii) we compute:
d(Rϕ) =
∑
i
ei∧∇ei(Rϕ) =
∑
i,j,k
ei∧
[
(∇eiR)(ej, ek)∧ejy ekyϕ+R(ej , ek)∧ejy eky∇eiϕ
]
.
The first summand above vanishes by the differential Bianchi identity written under the
form
∑
ei ∧ (∇eiR)(X, Y ) = 0 for all X, Y in TM . Using A = 1p+1 dϕ,B = − 1n−p+1 d⋆ϕ as
a shorthand notation and taking into account the conformal Killing form equation for ϕ
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we are left with
d(Rϕ) =
∑
i,j,k
ei ∧ R(ej , ek) ∧ ejy eky eiyA +
∑
i,j,k
ei ∧ R(ej, ek) ∧ ejy eky (ei ∧ B)
= (p− 1)RA + ∑
i,j,k
ei ∧R(ej , ek) ∧ ejy eky (ei ∧ B).
Since ejy eky (ei ∧ B) = 〈ek, ei〉ejyB − 〈ei, ej〉ekyB + ei ∧ (ejy ekyB) the last summand
above equals ∑
i,j
ei ∧ R(ej, ei) ∧ ejyB −
∑
i,k
ei ∧ R(ei, ek) ∧ ekyB
and hence it vanishes after using the Bianchi identity under the form
∑
ei ∧R(ei, X) = 0
for all X in TM . The claim is now proved. 
In particular a non-trivial obstruction to the existence of a conformal Killing p-form ϕ,
p ≥ 2 is
(2.4) dR dϕ = 0,
obtained by differentiating in (ii) above. It will play a key role later on in the paper.
2.2. Elements of Ka¨hler geometry. Let (M2m, g, J) be a Ka¨hler manifold with Ka¨hler
form ω = g(J ·, ·). The complex structure J acts on forms via
Jα(X1, . . . , Xp) = α(JX1, . . . , JXp).
Letting Λp,qTM be the space of (complex valued) forms of bidegree (p, q) recall that [ω, ϕ] =
i(q − p)ϕ for all ϕ in Λp,qM . For any X in TM we write
X1,0 =
1
2
(X − iJX), X0,1 = 1
2
(X + iJX)
for the components in T 1,0M respectively T 0,1M . Letting ()♭ : TM → Λ1TM be the
isomorphism induced by the metric, we have for any X in TM one forms
X1,0 :=
1
2
(X♭ + i(JX)♭), X0,1 :=
1
2
(X♭ − i(JX)♭)
in Λ1,0M respectively Λ0,1M . For any vector field X and any α in Λp,qM we write
(2.5) (Xyα)Λp,q−1M = X0,1yα, (Xyα)Λp−1,qM = X1,0yα.
for the orthogonal projections. Denote by Lρ respectivelly Lω the exterior multiplication
with the Ricci form ρ = g(RicJ ·, ·) respectively the Ka¨hler form ω. An algebraic fact we
will use in what follows is
(2.6) [L⋆ω, Lρ] =
scal
2
− Ric
on Λ⋆TM , where scal denotes the scalar curvature of the metric g. Because J is a complex
structure the exterior derivative splits as d = ∂ + ∂ where ∂ : Λp,qM → Λp+1,qM and
∂ : Λp,qM → Λp,q+1M . From d2 = 0 it follows that ∂2 = ∂2 = 0, ∂∂ + ∂∂ = 0. The
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covariant derivative ∇ of the metric g splits as ∇ = ∇1,0+∇0,1 and moreover ∇1,0 = ∂ on
Λ0,⋆M . Since (g, J) is Ka¨hler we also have the so-called Ka¨hler identities
(2.7) [L⋆ω, ∂] = −i∂⋆, [L⋆ω, ∂] = i∂
⋆
together with their dual version
(2.8) [∂
⋆
, Lω] = i∂, [∂
⋆, Lω] = −i∂
Finally we recall for later use the following Weitzenbo¨ck formula on (p, q)-forms
(2.9) ∆∂¯ = (∇0,1)∗∇0,1 − i [ρ, ·] .
The curvature endomorphism −i[ρ, ·] acts as Ric on forms of type (0, q) and by multiplica-
tion with the function 1
2
scal in the special case of forms of type (0, m), where m = dimCM .
We end this section by recalling some curvature related facts. The operator R preserves
complex type and vanishes on Λ0,⋆M ⊕Λ⋆,0M . Moreover, by straightforward computation
(2.10) [R, Lω] = −2Lρ
on Λ⋆TM .
Throughout this paper we indicate with aut(M,J) := {X : LX J = 0} the Lie algebra
of real holomorphic vector fields and with aut(M, g, J) := {X ∈ aut(M,J) : LX g = 0} the
Lie algebra of holomorphic Killing vector fields.
3. Hermitian twistor and Killing forms
3.1. Hermitian twistor forms on Ka¨hler manifolds.
Definition 3.1. A Hermitian twistor form on a Ka¨hler manifold M is a form ϕ in Λp,qM
satisfying for all vector fields X the equation
∇Xϕ = (X ∧B +XyA)Λp,qTM
for some forms A,B in Λ⋆TM . If B vanishes ϕ is called a Hermitian Killing form.
The subscript above indicates orthogonal projection onto the space of (p, q)-forms. The
space of Hermitian Killing forms of type (p, q) is denoted with HKp,q(M, g). Hermitian
Killing forms have been introduced in [21] in the general framework of almost-Hermitian
manifolds. It turns out that conformal Killing forms on Ka¨hler manifolds, and in particular
special forms (see next section), are a subclass of the more flexible class of Hermitian twistor
forms. The following equivalent definition will be useful later on.
Lemma 3.2. A form ϕ in Λp,qM is a Hermitian Killing form if and only if
(3.1) ∇Xϕ = 1
p+ 1
X10 y ∂φ +
1
q + 1
X01 y ∂¯φ
for all vector fields X.
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To describe the local normal forms and further properties of elements in HK0,q(M, g)
some preliminary observations are needed. Letting h0,q(M, g) := {α ∈ Λ0,qM : ∇0,1α = 0}
we have
HK0,q(M, g) ∩ ker ∂ = h0,q(M, g)
for 0 ≤ q ≤ m, with the special case HK0,m(M, g) = h0,m(M, g). The Lie algebra of
real holomorphic vector fields aut(M,J) is dual to the space h0,1(M, g) in the sense that
X ∈ aut(M,J) 7→ X0,1 ∈ h0,1(M, g) is a linear isomorphism. Let α be in h0,1(M, g) then
a local holomorphy potential for α is a function f such that ∂ f = α. It is unique up to
addition of holomorphic functions, and its existence is granted by the Dolbeault Lemma.
Proposition 3.3. Let τ belong to HK0,m−1(M, g). Around any point where ∂ τ 6= 0 let
αi, 1 ≤ i ≤ m be a local basis in h0,1(M, g) with local holomorphy potentials fi, 1 ≤ i ≤ m.
Then:
τ = G
m∑
i=1
(−1)i−1fi ∂ f1 ∧ . . . ∧ ∂̂ fi ∧ . . . ∂ fm
for some (localy defined) holomorphic function G.
Proof. Write τ =
m∑
i=1
Fiα1 ∧ . . . ∧ α̂i ∧ . . . ∧ αm and ∂ τ = Hα1 ∧ . . . ∧ αm with H 6=
0. Expanding ∇0,1τ = 1
m
∂ τ gives ∂ Fi =
(−1)i−1H
m
αi. Moreover, applying ∂ shows that
∂ H ∧ αi = 0, 1 ≤ i ≤ m hence ∂ H = 0. The functions fi = m(−1)
i−1Fi
H
are holomorphy
potentials for αi and the claim follows with G =
H
m
. 
As already mentioned the concept of Hermitian twistor forms is much more flexible
compared to conformal Killing forms. In particular one has many examples of compact
Ka¨hler manifolds admitting Hermitian Killing forms, which can be obtained as follows
Example 3.4. Let {Ki, 1 ≤ i ≤ p ≤ m} be Hamiltonian Killing vector fields for (M2m, g, J)
with moment maps ti, that is LKig = 0 and Kiyω = dti. Then
τ =
p∑
i=1
(−1)i−1ti ∂ t1 ∧ . . . ∧ ∂̂ ti ∧ . . . ∧ ∂ tp
is a Hermitian-Killing form of type (0, p − 1). In particular any compact toric Ka¨hler
manifold admits such forms.
We will describe first the holomorphic prolongation of the Hermitian Killing equa-
tion (3.1), in the particular case of forms τ of type (0, m − 1). We first note that (2.9)
implies
(3.2) h0,q(M, g) ⊆ ker(∆∂ + i[ρ, ·])
with equality when M is compact; in particular
(3.3) h0,m(M, g) ⊆ ker(∆∂ − scal2 ).
Proposition 3.5. Let (τ,X) belong to HK0,m−1(M, g)× Γ(TM). Then
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(i) ∂τ ∈ h0,m(M, g) and ∆(∂¯τ) = scal ∂¯τ
(ii) ∇X0,1∂τ = 12R(X♭ ∧ τ)− 1mX0,1 y ∂∂τ
(iii) ∇X0,1∂
⋆
τ = RicX y τ − 1
m
X0,1 y ∂
⋆
∂τ
(iv) ∂⋆∂τ = Ric(τ) + 1
m
∂
⋆
∂ τ.
Proof. We prove (i) and (ii) at the same time. Let {ek} be a local orthonormal frame onM
with the dual basis {ek} of 1-forms. Then differentiating in (3.1) for a Hermitian Killing
form τ of type (0, m− 1) yields∑
ek ∧∇2ek,Xτ =
∑
ek ∧ (X1,0y∇ek∂τ) +
∑
1
m
ek ∧ (Xy∇ek∂τ)
= (∇X1,0∂τ −X1,0y ∂ ∂τ) + 1m(∇X(∂ τ)−Xy ∂ ∂ τ)
Using the Ricci identity and the curvature relation
(3.4) R(X♭ ∧ ϕ) = 2
∑
R(ei, X) ∧ eiyϕ
where ϕ is a form in Λ0,pM we get for the l.h.s∑
ek ∧∇2ek,Xτ = ∇X(dτ)−
∑
ek ∧ [R(ek, X), τ ] = ∇X(dτ)− 12R(X♭ ∧ τ).
Substituting this into the equation above yields
∇X(dτ)− 12R(X♭ ∧ τ) = ∇X1,0∂τ −X1,0y ∂ ∂τ + 1m(∇X(∂ τ)−Xy ∂ ∂ τ).
Since ∂ and ∂ anti-commute expanding d = ∂ + ∂ leads easily to
∇X0,1∂τ + (1− 1m)∇X(∂ τ) = 12R(X♭ ∧ τ)− 1mX0,1y ∂ ∂ τ + (1− 1m)X1,0y ∂ ∂ τ.
Type considerations, together with the vanishing of R on Λ0,⋆M show that R(X♭ ∧ τ) and
X0,1y ∂ ∂ τ belong to Λ
1,m−1M while X1,0y ∂ ∂ τ is in Λ
0,mM . The claims in (i) and (ii)
follow by projection onto Λ0,mM respectively Λ1,m−1M .
(iii) follows by applying L⋆ω in (ii) and using the Ka¨hler identities as well as
L⋆ω∂∂τ = i ∂
⋆
∂τ and L⋆ωR(X ∧ τ) = 2iRicXy τ.
(iv) is proved by contracting (ii) while taking into account the three equations
−
∑
eky∇0,1ek ∂τ = ∂⋆∂τ, −
∑
eky (ek)0,1y ∂ ∂ τ = ∂
⋆
∂ τ,
∑
ekyR(ek∧τ) = −2Ric(τ) .

Recall that a smooth section of some vector bundle E → M is said to have the strong
unique continuation property if it vanishes over M as soon as it vanishes over some open
non-empty subset of M .
Corollary 3.6. If M is connected, any τ in HK0,m−1(M, g) has the strong unique contin-
uation property. In particular, if τ is not identically zero the set D = {x ∈M : τx 6= 0} is
dense in M .
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Proof. Assuming τ = 0 on an open set U ⊂ M we get ∂¯τ = 0 on U . But ∂¯τ belongs to
h0,m−1(M, g) by Proposition 3.5 and hence has the strong unique continuation property;
to see this it is enough to record that with respect to any local frame {αi, 1 ≤ i ≤ m}
in Λ0,1M which is the metric dual of a local frame of real holomorphic vector fields we
have ∂ τ = Hα0,11 ∧ . . . ∧ α0,1m where H is some locally defined holomorphic function. Thus
∂ τ vanishes over M , in other words τ ∈ h0,m−1(M, g). As above (see also the proof
of Proposition 3.3), since τ has holomorphic coefficients in any local basis of Λ0,m−1M
induced by a local basis in h0,1(M, g), it follows that τ is identically zero. Consequently if
τ is not identically zero the set {x ∈ M : τx = 0} has empty interior and the second part
of the claim follows. 
As another consequence of Proposition 3.5 we obtain an eigenvalue restriction for the
Ricci tensor on manifolds with Hermitian Killing forms of type (0, m− 1). More precisely
we have
Theorem 3.7. Let (M2m, g, J), m ≥ 3, be a connected Ka¨hler manifold. Then either:
(i) HK0,m−1(M, g) ∩ ker d⋆ = {0}
or
(ii) at every point of M the Ricci tensor of g has at most two eigenvalues.
Proof. Pick a form τ 6= 0 in HK0,m−1(M, g) ∩ ker d⋆. On the open subset of M where
τ does not vanish the distribution V := {X : Xyτ = 0} has real dimension two and
is J-invariant. By (iii) in Proposition 3.5 we get RicX y τ = X0,1 y C for all X in TM ,
where C := 1
m
∂
⋆
∂ τ is in Λ0,m−1M . Contracting again with a vector V in V shows that
C vanishes on V as well and thus V is preserved by Ric. If H denotes the orthogonal
complement of V in TM , both C and τ belong to Λ0,m−1H which has complex dimension
one. Thus C = fτ for some function f , i.e. Ric(X)y τ = fX0,1y τ . It follows that Ric
acts on H by multiplication with a function, since Ric(H) ⊆ H. Now assume that the
open set where the Ricci tensor has at least three distinct eigenvalues is not empty. Then
τ vanishes over this set and therefor τ is vanishing everywhere by the argument above and
Corollary 3.6, thus contradicting the assumption τ 6= 0. 
3.2. Conformal Killing forms in middle dimension. According to [18][Definition 5.2]
a real valued form ϕ ∈ Λ(1,m−1)+(m−1,1)M is, in the present conventions, a special m-form
provided there exists a real valued form τ ∈ Λ(0,m−1)+(m−1,0)M such that
(3.5) ∇Uϕ = (JU)♭ ∧ τ + U ♭ ∧ Jτ + (Uy τ) ∧ ω
for all U ∈ TM . Here the operator J acts according to Jτ = τ(J ·, . . . , ·). Note that the
operator J from [18] acts on Λ(0,m−1)M ⊕ Λ(m−1,0)M as −(m − 1)J. Because the r.h.s. in
(3.5) is primitive so must be ϕ, up to parallel forms. Based on this we assume in what
follows that ϕ ∈ Λ(1,m−1)+(m−1,1)0 M .
When m ≥ 3 we have a splitting Λ(1,m−1)+(m−1,1)0 M ⊗RC = Λ(1,m−1)0 M ⊕Λ(m−1,1)0 M from
which it is easy to deduce, by projection, that real-valued special m-forms are equivalently
described by (1.1). When m = 2 equations (3.5) and (1.1) are inequivalent.
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Therefore, in the rest of this article the aim is to describe Ka¨hler manifolds (M2m, g, J)
of complex dimension m ≥ 3 admitting pairs (ϕ, τ) of forms satisfying (1.1). We start with
collecting a few immediate consequences of the definition of special forms. By contraction
of Equation (1.1) any special form ϕ satisfies
(3.6) ∂ϕ = 0, ∂ϕ =
i(m+ 1)
2
Lωτ.
Since ϕ is primitive, using the Ka¨hler identities it follows that
(3.7) ∂
⋆
ϕ = 0, ∂⋆ϕ = −m+ 1
2
τ .
In particular τ is coclosed and the Ka¨hler identities imply that ∂τ is primitive. Furthermore
the dual Ka¨hler identities yield
(3.8) d⋆dϕ =
m+ 1
2
(∂τ − ∂τ), dd⋆ϕ = −m+ 1
2
(∂ τ + ∂τ),
hence
(3.9) ∆ϕ = −(m+ 1)∂τ.
Obviously any conformal Killing form is a Hermitian twistor form. Moreover it follows
from [18] that primitive conformal Killing forms of type (1, m − 1) are precisely special
forms as defined above. To go on further the following algebraic lemma is needed.
Lemma 3.8. For any vector field X and any form ϕ in Λ1,m−10 M we have
2(Ric(X)yϕ)Λ0,m−1M = X1,0 y (Ric(ϕ) + i [ρ, ϕ]) .
Proof. Let γ : TM → Λ0,m−1M, γ(X) = (RicXyϕ)Λ0,m−1M = (RicX)1,0yϕ. Then γ(JX) =
iγ(X) for all X in TM . Hence we can write γ(X) = (Xy q)Λ0,m−1M for some q in Λ
1,m−1M .
After an elementary contraction 2q = Ric(ϕ) + i[ρ, ϕ] and the claim is proved. 
The proposition below gives a relation between conformal Killing forms in middle di-
mension and Hermitian Killing forms. We also derive some of the additional consequences
imposed by this set-up.
Proposition 3.9. Let ϕ be a conformal Killing form in Λ1,m−10 M . The following hold
(i) τ = − 2
m+1
∂∗ϕ ∈ HK0,m−1(M, g) ∩ ker d⋆
(ii) [ρ, ϕ] = i ∂τ
(iii) Ric(∂τ) = scal
2
∂τ
(iv) we have
(3.10) ∆∂τ =
m
m− 1Ric(τ).
Proof. Since ϕ is a conformal Killing m-form it satisfies by (i) of Proposition 2.1:
m
m+ 1
∇X(d⋆ϕ) + 1
m+ 1
Xy d⋆dϕ = RicXyϕ +
1
2
(XyRϕ−R(Xyϕ))
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for all vector fields X . Replacing therein the expressions of d⋆ϕ and d⋆dϕ as indicated in
equations (3.6) and (3.8) yields
m∇Xτ = Xy (−Rϕ+ ∂ τ − ∂τ)− 2RicXyϕ+R(Xyϕ)
for all vector fields X . Recall now that the curvature tensor R of the metric g is a section
of Λ1,1 ⊗ Λ1,1, implying that R preserves the bi-type decomposition and that R(Λ0,⋆) = 0.
Therefore the components of the equation above on Λ0,m−1M respectively Λ1,m−2M are
m∇Xτ =(Xy (−Rϕ+ ∂τ − ∂τ))Λ0,m−1M − 2(RicXyϕ)Λ0,m−1M
as well as
0 =− (Xy (Rϕ+ ∂τ))Λ1,m−2M − 2(RicXyϕ)Λ1,m−2M +R(Xyϕ)(3.11)
for all X in TM . Using (2.5) the first equation simplifies to
(3.12) m∇Xτ = −X1,0y (Rϕ+ ∂τ + Ric(ϕ) + i[ρ, ϕ]) +Xy ∂ τ
for all X in TM , after using Lemma 3.8 as well.
(i) follows now from the definitions and (3.12).
(ii) since ∇1,0 = ∂ on Λ0,m−1M it follows from (3.12) that
Rϕ + ∂τ + Ric(ϕ) + i[ρ, ϕ] = −m∂τ.
However, since ϕ is a conformal Killing m-form we have by (2.3) and (3.9) that
(3.13) Rϕ+ Ric(ϕ) =
m
m+ 1
∆ϕ = −m∂τ
and the claim follows.
(iii) by (2.4) we have dRdϕ = 0. Since dϕ = i(m+1)
2
Lωτ by (3.6) and R(ω∧τ) = −2ρ∧τ by
(2.10) we obtain that ρ ∧ dτ = 0. Therefore ρ ∧ ∂τ = 0 by type considerations. Applying
L⋆ω while using (2.6) proves the claim since ∂τ is primitive.
(iv) since d⋆τ = 0 we have ∆∂τ = ∂
⋆∂τ and ∆∂τ = ∂
⋆
∂ τ . The claim follows from the
equality of the Laplacians ∆∂ and ∆∂ combined with (iv) in Proposition 3.5. 
By combining Proposition 3.9,(i) and Theorem 3.7 we obtain
Corollary 3.10. Let (M2m, g, J), m ≥ 3, be a Ka¨hler manifold admitting a non-parallel
conformal Killing form in Λ1,m−10 M . Then at every point of M the Ricci tensor of g has
at most two eigenvalues.
We conclude this section with the following observation which will play a crucial role in
obtaining geometric integrability conditions in section 5.2.
Lemma 3.11. Let (ϕ, τ) solve (1.1). Assuming that Ric(ϕ) = scal
2
ϕ we have
Jgrad(scal) y ϕ = i m−3
2
scal τ + i 2(2m−1)
m−1
Ric(τ).
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Proof. We analyse the curvature-type constraint d(Rϕ) = m−1
m+1
R(dϕ) which holds by
Proposition 2.1,(ii) since ϕ is a conformal Killing m-form. Because Ric(ϕ) = scal
2
ϕ by
assumption and recalling that Rϕ = −Ric(ϕ)−m∂τ (see (3.13)), we obtain
Rϕ = − scal
2
ϕ−m∂τ.
We have dϕ = i
2
(m + 1)Lωτ by (3.6), thus computing in both sides of the curvature
constraint and taking into account (2.10), leads to
(3.14) 1
2
d scal∧ϕ + i
4
scal (m+1)Lωτ +m ∂ ∂τ = − i2 (m−1)RLωτ = i (m−1)Lρ τ .
Now note that (2.6) and a simple computation, using that ϕ is primitive, yield
L⋆ωLρ τ =
scal
2
τ − Ric(τ) and L⋆ω(d scal ∧ ϕ) = Jgrad(scal) y ϕ .
Moreover from the Ka¨hler identities for the co-closed form τ as well as (3.10) it follows
that
L⋆ω(∂ ∂τ) = −i∆∂τ = − i mm−1 Ric(τ) .
Gathering these facts proves the claim after applying L⋆ω in (3.14), whilst taking into
account that L⋆ωLωτ = τ . 
4. The Einstein set-up
First consequences of Lemma 3.11 include the full description of Ka¨hler-Einstein metrics
that admit special m-forms. In what follows we let (M2m, g, J), m ≥ 3, be a connected
Ka¨hler-Einstein manifold equipped with a pair (ϕ, τ) solving (1.1). We consider the length
function p = |τ |2 and the vector field K = −J grad p.
Proposition 4.1. Assume that ϕ is not parallel, i.e. τ 6= 0. Then
(i) Ric = 0 and ∂τ = 0
(ii) ∇(∂¯τ) = 0, in particular there exists a constant k ≥ 0 such that | ∂ τ |2 = k
(iii) ∇K = − k
m2
J , in particular K ∈ aut(M, g, J)
(iv) we have | dp|2 = 2k
m2
p and τ = m
k
JKy ∂ τ when k > 0
(v) we have LKτ = ik1τ with k1 = km ≥ 0.
Proof. (i) since the metric g is Einstein, ϕ ∈ ker(Ric − scal
2
) thus from Lemma 3.11 we
obtain 0 = m
2+m−2
2m
scal τ due to grad(scal) = 0 and Ric(τ) = m−1
2m
scalτ . It follows that
scal τ = 0, thus g is Ricci flat, since τ does not vanish identically on M by assumption.
Moreover, ∂τ = 0 by Proposition 3.9,(ii).
(ii) the form ∂¯τ belongs to h0,m(M, g) by Proposition 3.5,(i), i.e. ∇0,1∂¯τ = 0. Since
∇1,0 = ∂ on Λ0,⋆M and ∂τ = 0 by (i), it follows that ∇1,0∂¯τ = ∂∂¯τ = −∂¯∂τ = 0. Hence
∂¯τ is parallel and thus has constant length.
(iii) and (iv) are proved at the same time. Because ∂τ = 0 the Hermitian Killing equation
for τ reads ∇τ = 1
m
∂ τ . When k = 0 it follows that τ is parallel hence dp = 0 and K = 0
and both statements are trivially satisfied.
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Assume thus that k > 0. Then ∂ τ is a complex volume from, in particular it satisfies the
algebraic identity
(4.1) 〈X2 y ∂ τ,X1 y ∂ τ〉 + 〈X1 y ∂ τ,X2 y ∂ τ〉 = kg(X1, X2)
for all X1, X2 in TM . Let the real valued vector field ζ be determined from τ = ζ y ∂ τ .
Because ∂ τ is parallel, the Hermitian-Killing equation for τ becomes ∇ζ = 1
m
1TM . It
follows that
dp(X) =〈∇Xτ, τ〉 + 〈τ,∇Xτ〉 = 1m(〈X y ∂ τ, τ〉 + 〈τ,X y ∂ τ〉)
= 1
m
(〈X y ∂ τ, ζy ∂ τ〉+ 〈ζy ∂ τ,X y ∂ τ〉)
for all vector fields X . Using (4.1) leads to ζ = m
k
grad(p) and (iii) is proved. To compute
the norm of dp we use the identity
p = |τ |2 = |ζy ∂ τ |2 = k
2
|ζ |2,
which is granted by the definition of ζ and (4.1).
(v) since τ ∈ Λ0,m−1M we have Ky τ = iJKy τ . At the same time JK is proportional to ζ
thus Ky τ = 0 due to τ = ζy ∂ τ . Taking into account the vanishing of ∂τ from (i) as well
as (iv) leads to LKτ = Ky ∂ τ = ikmτ . 
From parts (iii) and (iv) in Proposition 4.1 it is easy to derive, for future use, that
(4.2) Hess(p) = k
m2
g
as well as
(4.3)
1
2m
p∆p+ | dp|2 = k1
m
p.
Remark 4.2. The distribution V := ker(τ) is spanned by the vector fields K and JK.
Moreover V is obviously totally geodesic and the leaves are flat 2-dimensional manifolds.
Before proving the main result of this section we record the following simple observation.
Lemma 4.3. Let (M, g, J) and (ϕ, τ) be as above and assume k > 0. Then τ has no zeroes
and p no critical points.
Proof. By Proposition 4.1,(iv) the zeroes of τ are precisely the critical points of p. The
latter set coincides with the zero set of the Killing vector field K; since ker(∇K) = 0 it
follows that p has only isolated critical points. Assume that x ∈ M is a critical point
of p and let γ be the integral curve of grad(p) through the point x = γ(0). Then the
function f(t) := p(γ(t)) satisfies the differential equation f˙(t) = 2k
m2
f(t) with f(0) = 0
which forces f to be identically zero. Thus all points on γ are critical points of p, which is
a contradiction since the critical points of p are isolated. 
To state our classification result we recall the following.
Definition 4.4. Let (M, g, J) be Ka¨hler. A cone structure for g is a vector field VM such
that ∇VM = 1TM .
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A local model for this type of geometry is provided by the metric cone M = P × R+
with cone metric g = r2gP + (dr)
2, where (P, gP ) is a Sasaki manifold. In this case the
cone vector field is VM = r
∂
∂r
. The metric cone is Einstein [5] iff it is Ricci flat and gP is
an Einstein metric. More adapted to Ka¨hler geometry is thinking of P as a local R-bundle
with Ka¨hler base (N, gN , JN). Then (M, g, J) is oftenly referred to as the conification of
the latter [16]. See also section 6 for putting this into the perspective Sasaki-Einsteinof
the Calabi construction.
Theorem 4.5. Let (M2m, g, J), m ≥ 3 be a Ka¨hler-Einstein manifold. There exists a
solution (ϕ, τ) to (1.1) with ∂ τ not identically zero if and only if ,the following hold
(i) (M, g, J) admits a cone structure VM and a normalised complex volume form ΨM
(ii) up to rescaling we have
(4.4) ϕ =
1
4
V
1,0
M ∧ (VMyΨM) + ϕ0, τ = VMyΨM
where ∇ϕ0 = 0.
Proof. (i) the function p has no critical points by Lemma 4.3. Results of [27](see [15],
Lemma 12 for further details) ensure that around any point of M there exists an open
neighborhood on which the metric g is an explicitly given warped product metric. Since
g is Ricci flat it follows that the warping function has to be linear, i.e. (M, g) is locally a
metric cone. Moreover, since the manifold is Ricci flat and Ka¨hler it has to be a cone over
a Sasaki-Einstein manifold.
(ii) letting VM :=
m2
k
JK and ΨM :=
1
k
∂ τ yields, by Proposition 4.1, a cone vector field
and a normalised complex volume form such that τ = k
m
VMyΨM . Taking into account that
KM = −JVM ∈ aut(M, g, J) we see that equation (1.1) is preserved by the Lie derivative
LKM , that is (LKM ϕ,LKM τ) is again a solution to (1.1). Since LKM τ = imτ by (v) in
Proposition 4.1 it follows that LKM ϕ− imϕ is parallel. To compute the Lie derivative of
ϕ we recall the general formula
(4.5) LKM ϕ = ∇KMϕ− [∇KM , ϕ]
where [·, ·] is the algebraic commutator introduced in section 2.1 which describes the stan-
dard action of skew-symmetric endomorphisms on forms. Accordingly, taking into account
Proposition 4.1,(iii), the complex type of ϕ, as well as (1.1) with KMy τ = 0 leads to
LKMϕ− imϕ = ∇KMϕ− 2iϕ = K1,0M ∧ τ − 2iϕ.
That is ϕ = − i
2
K
1,0
M ∧ τ + ϕ0 where ∇ϕ0 = 0. 
Remark 4.6. Assume k > 0. From results of Tashiro [27] a complete Riemannian manifold
M admits a non-constant solution to (4.2) if and only if it is isometric (hence biholomor-
phic) to Cm. Then (ϕ, τ) are described by part (ii) in Theorem 4.5 with Ψ proportional
to the standard complex volume form on Cm. In particular the manifold M cannot be
compact. Alternatively this can be checked directly as follows: first ∂τ = 0 implies, by
using (3.9), that ∆ϕ = 0. Then integration yields d⋆ϕ = 0 thus τ = 0 which contradicts
the assumption k > 0.
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There remains to treat instances when ∂ τ = 0. Then τ must be parallel by the Hermitian
Killing equation. Moreover V is a parallel distribution thus we obtain a local splitting
(4.6) (M, g, J) = (C, gC, JC)× (N, gN , JN)
where (gC, JC) is the standard flat structure on C and (N, gN , JN) is Ricci flat Ka¨hler. Let
w be a complex co-ordinate on C with dw ∈ Λ0,1C and let ωC = 12i dw ∧ dw. We also
fix a complex volume form ΨN on N , normalised to |ΨN | = 1. An explicit description of
the(non complete) solutions is given below. As the computations are entirely similar to
those above we only state the result and omit the details.
Proposition 4.7. Let (M2m, g, J), m ≥ 3, be Ka¨hler-Einstein equipped with a pair (ϕ, τ)
solving (1.1) and satisfying ∂ τ = 0. Assume that τ does not vanish identically. Then
(i) (N, gN , JN) admits a cone structure VN and a normalised volume form ΨN
(ii) up to rescaling τ and adding parallel forms to ϕ we have
(4.7) ϕ = i(ωC − ωN) ∧ (VNyΨN) + w
2
dw ∧ΨN , τ = ΨN .
Product metrics as in (4.6) admit a second pair of non-trivial solutions to (1.1) given by
ϕ = 2iw(ωC − ωN) ∧ (VNyΨN) + w2 dw ∧ΨN − dw ∧ V 1,0N ∧ (VNyΨN)
τ = wΨN − dw ∧ (VNyΨN).
(4.8)
To check this it is enough to observe that the product (M, g, J) has cone structure VC+VN ,
where VC is the cone structure of (gC, JC) and normalised complex volume form dw ∧ΨN .
That (ϕ, τ) given by (4.8) satisfies (1.1) follows from Theorem 4.5 applied to this set of
data.
5. Classification of conformal Killing forms
5.1. Localisation and density. Pick a pair (ϕ, τ) solving (1.1). To achieve the classi-
fication of such objects we will take advantage of the additional constraints this set-up
imposes on the Hermitian Killing form τ . We consider, over the open set
M0 := {x ∈M : τx 6= 0}
the 2-dimensional distribution V = {U ∈ TM : Uy τ = 0} together with its orthogonal
complement H in TM , as introduced in the proof of Theorem 3.7. Both are complex, that
is invariant under J , and it follows from the proof of Theorem 3.7 that the Ricci tensor of
g is diagonal with respect to the splitting
(5.1) TM = V ⊕H .
That is
Ric|V = λ11V , Ric|H = λ21H
for some functions λ1 and λ2 on M0. In particular the scalar curvature of the metric g
reads scal
2
= λ1 + (m − 1)λ2. Since τ belongs to Λ0,m−1H we have Ric(τ) = (m − 1)λ2τ
hence (3.10) is now equivalent, over M0, to
(5.2) mλ2τ = ∂
⋆
∂ τ = ∆∂τ .
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Recall that τ is co-closed, thus taking the co-differential in (5.2) gives grad(λ2) y τ = 0,
i.e.
(5.3) dλ2 ∈ Λ1V
over M0. Now applying ∂ in (5.2) yields
m ∂(λ2τ) = ∆∂ ∂ τ =
scal
2
∂ τ ,
by taking into account (3.3) for the form ∂ τ ∈ h0,m(M, g). Finally we find
(5.4) m ∂ λ2 ∧ τ = (λ1 − λ2) ∂ τ over M0 .
Localising further we consider the set of non-Einstein points in M0
M1 := {x ∈M0 : (Ric0)x 6= 0}
where Ric0 denotes the tracefree part of the Ricci tensor. We assume thatM1 is not empty,
i.e. that is g is not an Einstein metric. From (5.4) we have
∂ τ = mθ0,1 ∧ τ(5.5)
over M1, where
(5.6) θ =
dλ2
λ1 − λ2 .
Lastly, define M2 := {x ∈M1 : θx 6= 0}.
Lemma 5.1. Assume that ∂ τ does not vanish identically in M . The sets {x ∈ M1 :
λ2(x) 6= 0} and M2 are dense in M1.
Proof. Assume that λ2 vanishes on some open set U0 in M1. However λ1 is nowhere
vanishing in U0 since g is not Ricci flat in M1. From (5.4) it follows that ∂ τ = 0 on U0
thus on M by unique continuation. This contradicts the assumption on τ thus U0 must be
empty and the first claim is proved. To prove the second we record that the vanishing of θ
on some open piece of M1 is equivalent to the vanishing of ∂ τ over M . This follows from
(5.5) and the unique continuation property for ∂ τ . 
When M is compact the assumption that τ be not holomorphic is essentially redundant.
Lemma 5.2. Assume that M is compact and that ∂ τ = 0. Then τ = 0 and ∇ϕ = 0.
Proof. From ∂ τ = 0 we get ∆∂τ = 0 since τ is co-closed. Then ∆∂τ = 0 hence after
integration ∂τ = 0 and further ∆ϕ = 0 by (3.9). It follows that d⋆ϕ = 0 and finally that
τ = 0. 
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5.2. Integrability conditions. We assume that ϕ is not parallel and that g is not an
Einstein metric, in other words the set M1 is assumed to be non-empty. The first objective
is to determine, over the open set M0, the structure of the operators Ric and [ρ, ·] acting
on Λ1,m−10 M . Split the Ka¨hler form ω = ω
V + ωH according to (5.1). Purely algebraic
considerations show that
(5.7) Λ1,m−10 M = (ω
V − ωH) ∧ Λ0,m−2H⊕ (Λ1,0V ∧ Λ0,m−1H)⊕ (Λ0,1V ∧ Λ1,m−20 H)
over M0. Direct calculation taking into account only the structure of the Ricci tensor leads
to the following
Lemma 5.3. Let ψ = (ωV − ωH) ∧ ψ1 + ψ2 + ψ3 ∈ Λ1,m−10 M0 be split according to (5.7).
We have
(i) Ric(ψ) = scal
2
ψ + (λ1 − λ2)ω ∧ ψ1
(ii) [ρ, ψ] = iλ2(m− 2)(ωV − ωH) ∧ ψ1 + i ((m− 1)λ2 − λ1)ψ2 + i (λ1 + (m− 3)λ2)ψ3.
In the following we will indicate with ψk, 1 ≤ k ≤ 3 the components of a generic form
ψ ∈ Λ1,m−10 M0 split as in Lemma 5.3. The first set of integrability conditions on pairs
(ϕ, τ) solving the special conformal Killing equation is obtained below.
Proposition 5.4. Let the pair (ϕ, τ) solve (1.1) and assume that ∂ τ does not vanish
identically on M . Then
(i) we have ϕ1 = (∂τ)1 = 0 on M1
(ii) ( scal
2
− 2λ1)ϕ2 = (∂τ)2 and ( scal2 − 2λ2)ϕ3 = (∂τ)3 on M1
(iii) Ric(ϕ) = scal
2
ϕ on M .
Proof. (i) and (ii) are proved at the same time. The form ∂τ is primitive of type (1, m−1)
and belongs to ker(Ric − scal
2
) according to Proposition 3.9,(iii). By Lemma 5.3,(i) this
entails the vanishing of (∂τ)1, since λ1 6= λ2 in M1. To deal with the components in ϕ
expand the relation [ρ, ϕ] = i∂τ from Proposition 3.9,(iii) with the aid of (ii) in Lemma
5.3. We get
λ2 ϕ1 = 0, (
scal
2
− 2λ1)ϕ2 = (∂τ)2, ( scal2 − 2λ2)ϕ3 = (∂τ)3.
This proves (ii) as well as the vanishing of ϕ1 in {x ∈M1 : λ2(x) 6= 0}. As the latter set is
dense in M1 by Lemma 5.1 it follows that ϕ1 = 0 on M1.
(iii) holds in M1 because ϕ1 vanishes on the this set. On every open piece of M0 where g
is Einstein the relation ϕ ∈ Ker(Ric− scal
2
) is trivially satisfied. Thus (iii) holds in M0 by
a density argument. We conclude by taking into account that M0 is dense in M . 
The final set of integrability conditions is derived below.
Proposition 5.5. Assume that ∂ τ does not vanish identically on M . The following hold
over M1
(i) grad(scal) belongs to V
(ii) we have ϕ3 = (∂τ)3 = 0.
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Proof. Since ϕ ∈ ker(Ric− scal
2
) by (iv) in Proposition 5.4 we can apply Lemma 3.11. The
constraint therein reads, after taking into account that Ric(τ) = λ2(m− 1)τ in M1
(5.8) Jgrad(scal)y ϕ = i(c1scal + c2λ2)τ
where c1 =
m−3
2
and c2 = 2(2m − 1). Letting ξ := Jgrad(scal) we split ξ = ξV + ξH
according to TM = V ⊕H. In order to project (5.8) onto the splitting (5.7) record that
ξVyϕ2 ∈ Λ0,m−1H, ξVyϕ3 ∈ Λ1,m−20 H
ξHyϕ2 ∈ Λ1,0V ∧ Λm−2H, ξHyϕ3 ∈ Λ0,1V ∧ Λm−2H
directly from ϕ2 ∈ Λ1,0V ∧Λ0,m−1H and ϕ3 ∈ Λ0,1V ∧Λ1,m−20 H. These type considerations
together with having τ ∈ Λ0,mH and ϕ1 = 0 make that (5.8) is equivalent to
(5.9) ξVyϕ3 = 0, ξHyϕ3 = 0
coupled with
(5.10) ξVyϕ2 = i(c1scal + c2λ2)τ, ξHyϕ2 = 0.
(i) Since dimCH = m−1 we have dimC Λ0,m−1H = 1. Consequently over the open set where
ϕ2 6= 0 the space {X ∈ H : Xyϕ2 = 0} vanishes so grad(scal) ∈ V by the second equation
in (5.10). On any open subset O ⊆ M1 where ϕ2 = 0 we must have c1scal + c2λ2 = 0 by
the first equation in (5.10). But grad(λ2) belongs to V by (5.3) thus grad(scal) ∈ V as well
in O, provided that c1 6= 0. If c1 = 0 we get λ2 = 0 in O hence the latter must be empty
by Lemma 5.1. We have proved, by density, that grad(scal) belongs to V over M1.
(ii) Assume that ϕ3 6= 0 at some point and therefore in some open subset U0 ⊆ M1;
then grad(scal) = 0 in U0 by the first equation in (5.9) and (i). It follows from the first
equation in (5.10) that c1scal + c2λ2 = 0, in particular dλ2 = 0 in U0 since c2 6= 0. This
is a contradiction with having M2 dense in M1 (see Lemma 5.1). Thus ϕ3 = 0 and the
vanishing of (∂τ)3 follows now from (ii) in Proposition 5.4.

5.3. Calabi-type metrics. Given a Ka¨hler manifold (M, g, J) recall that a foliation F
with leaf tangent distribution D ⊆ TM is called complex if JD = D. A complex foliation
is called holomorphic if it is locally spanned by holomorphic vector fields. Equivalently
(LV J)TM ⊆ D for all V ∈ D. According to [29], the foliation F is called conformal if
LV g = θ(V )g on D⊥ for all V in D, where θ is in Λ1D. It is usually referred to as the
Lee form of the foliation. If moreover dθ = 0 respectively θ is exact then F is called
homothetic respectively globally homothetic. Following [22] we present below an easy
exterior differential criterion to show that a given foliation by complex curves is conformal.
Proposition 5.6. Let (M2m, g, J) be Ka¨hler equipped with a holomorphic foliation F . Let
V be the leaf tangent distribution, H := V⊥ and split the Ka¨hler form ω = ωV + ωH
according to TM = V ⊕H. The following statements are equivalent
(i) F is conformal with Lee form θ
(ii) we have dωV = −θ ∧ ωH for some θ ∈ Λ1V.
As a direct consequence we have
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Corollary 5.7. Let (M2m, g, J) be Ka¨hler equipped with a holomorphic and conformal
foliation F of complex codimension ≥ 2. Then F is homothetic.
See [22] for more details. The full local description of Ka¨hler metrics that admit ho-
mothetic foliations by complex curves has been obtained in [10]. Of relevance here is the
following particular instance of that setup.
Definition 5.8. Let (M2m, g, J), m ≥ 2, be Ka¨hler. It is called of Calabi type provided it
admits a foliation F by complex curves which is totally geodesic and homothetic.
By [10] Calabi-type metrics correspond locally to Ka¨hler metrics obtained by the Calabi
Ansatz [9, 13], on total spaces of holomorphic line bundles.
5.4. The canonical foliation. Below we show by using the integrability conditions (∂τ)1 =
(∂τ)3 = 0 from the previous section that the conformal Killing equation (1.1) forces the
Ka¨hler structure (g, J) to be of Calabi type over M1. First direct consequences include an
explicit expression for the form ϕ. At the same time, based on Proposition 5.5 we describe
a geometric way to fully reduce the integration of equation (1.1) on (ϕ, τ) to solving a first
order ODE.
Proposition 5.9. Assume that (ϕ, τ) solves (1.1) and that ∂ τ does not vanish identically
in M . The Ka¨hler manifold (M1, g, J) is of Calabi type with respect to V = ker(τ). The
Lee form θ of the corresponding foliation is given by (5.6).
Proof. A short computation taking into account the vanishing of τ on V leads to the
identity (LV J)Uy τ = 2iV01y∇10U τ whenever V ∈ V and U ∈ TM . But ∇10τ = ∂τ by
the Hermitian-Killing equation and ∂τ ∈ Λ1,0V ∧ Λ0,m−1H thus V01y ∂τ = 0. We have
showed that V is holomorphic. To show that V is totally geodesic take into account that τ
vanishes on V together with the Hermitian-Killing equation on τ to arrive at ∇VWy τ =
−W01y (V10y ∂τ + V01y ∂ τ), for all V,W ∈ V. The claim follows from having dimC V = 1
and (∂τ)1 = 0.
Because ρ = λ1ω
V + λ2ω
H and ω = ωV + ωH are closed differentiation yields
(λ1 − λ2) dωV + dλ1 ∧ ωV + dλ2 ∧ ωH = 0.
But dλk ∧ ωV = 0, k = 1, 2 by combining (5.3) and (i) in Proposition 5.5. In particular
dωV = −θ∧ωH thus, since θ ∈ Λ1V, the foliation induced by V is conformal with Lee form
θ by Proposition 5.6. That dθ = 0 follows by Corollary 5.7 whilst taking into account that
dimCH = m− 1 ≥ 2. 
The full local description of Ka¨hler metrics admitting a conformal Killing form as in
(1.1) is now at hand. We will use the specific geometric structure structure of the Calabi
type manifold (M1, g, J) as follows. It is a crucial observation that metrics of Calabi type
admit a canonically defined symmetry, constructed as follows. Let the vector field ζ be
determined from θ = g(ζ, ·). Around each point x in M2 consider some open set such that
θ = df and denote z = ef . By [10] we know that
K = −zJζ
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is a holomorphic Killing vector field with moment map z > 0, since Ky ω = dz. Again by
[10] we know that dg(K,K) ∧ dz = 0, that is K is rigid in the terminology of [4]. Hence,
by localising further if necessary one can find an open connected subset O in M2 around
x, where g(K,K) = X(z) for some smooth map X : (0,∞) → (0,∞); this is sometimes
refered to as the momentum profile of K. Since K is a holomorphic Killing vector field we
have the general formula − dK♭ = (LJKg)(J ·, ·) where the metric dual K♭ = g(K, ·). By
taking into account that V is totally geodesic and conformal with Lee form θ = d ln z this
leads to
(5.11) − dK♭ = X′(z)ωV + z−1X(z)ωH
over O. In what follows statements will be said to hold locally in M2, provided this
happens on any connected open subset O of M2 as introduced before. This type of further
localisation is needed because we will work around points in M2 where both K and the
momentum profile X are well defined.
Returning to the description of solutions of (1.1) we make the following technical
Lemma 5.10. Assume that LKτ = iχτ in M2, for some real valued function χ : M2 → R
with dχ ∈ Λ1V. Then dχ = 0.
Proof. Apply the Lie derivative LK in ∂ τ = mθ01 ∧ τ . Taking into account that K is
holomorphic and LKθ = 0 yields ∂(LKτ) = mθ01 ∧LKτ . Expansion using that LKτ = iχτ
and again the expression for ∂ τ leads to ∂ χ ∧ τ = 0. Because ∂ χ ∈ Λ0,1V and τ does not
vanish in M2 we get ∂ χ = 0. Since χ is real valued the claim follows. 
Locally the Calabi type manifold M1 can be thought of as the total space of a conformal
and holomorphic submersion π : (M1, g, J) → (N2(m−1), gN , JN), where (N, gN , JN) is a
Ka¨hler manifold. This submersion has dilation factor
√
z, for zπ⋆gN = g|H and totally
geodesic fibres.
Proposition 5.11. Assume that (ϕ, τ) is a solution to (1.1) such that ∂ τ does not vanish
identically in M . The following holds locally in M2
(i) we have ϕ = z
X(z)
∂z ∧ τ
(ii) LK τ = ikτ for some real constant k
(iii) X(z) = z(C1z
m + 2k
m
) for some C1 ∈ R×
(iv) the (local) base metric gN is Einstein with scal
N = 2(m− 1)k
(v) the eigenfunctions of the Ricci tensor are
λ1 = −m2C1zm−1, λ2 = −mC1zm−1
in particular scal = −2m(2m− 1)C1zm−1.
Proof. Because ϕ1 = ϕ3 = 0 respectively (∂τ)1 = (∂τ)3 = 0 the forms ϕ respectively ∂τ
belong to Λ1,0V ∧ Λ0,m−1H. The space Λ0,m−1H is spanned by τ over M1 since τ does not
vanish in the latter set. Thus, by also taking into account part (ii) in Proposition 5.4 we
can parametrise
(5.12) ϕ = c ∧ τ, ∂τ = (scal
2
− 2λ1)c ∧ τ
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for some c ∈ Λ1,0V. The parametrisation of ∂τ above together with (5.5) makes that the
Hermitian Killing equation (3.1) on τ in direction of V respectively H reads
(5.13) ∇V τ = ((scal
2
− 2λ1)c+ θ0,1)(V ) τ
for all V in V, respectively
(5.14) ∇Xτ = −θ0,1 ∧Xy τ
for all X in H, since θ ∈ Λ1V by (5.3). During the rest of the proof we will work on some
connected open subset O of M2 where both K and X are well defined.
(i) we examine the various components of the conformal Killing equation (1.1) w.r.t. the
parametrisation of (ϕ, τ) in (5.12). For convenience recall that
∇Uϕ = U1,0 ∧ τ + i
2
ω ∧ (Uy τ)
for all U in TM . With X ∈ H this implies
∇Xc ∧ τ + c ∧ ∇Xτ = X1,0 ∧ τ + i
2
ωH ∧ (Xy τ) + i
2
ωV ∧ (Xy τ)
=
1
2
X1,0 ∧ τ + i
2
ωV ∧ (Xy τ).
(5.15)
We have used that X1,0 ∧ τ = −iωH ∧ (Xy τ), a consequence, essentially, of having H
of dimension 2(m − 1). Projecting (5.15) onto Λ2V ∧ Λ0,m−2H whilst taking (5.14) into
account yields −c ∧ θ0,1 = i
2
ωV hence
(5.16) c = |θ|−2θ1,0 = z
X
∂z
and the claim is proved. The remainder of (5.15) is equivalent with ∇Xc = c(ζ)X1,0. A
short computation based on (5.16) and (5.11) shows this is an identity.
(ii) from (5.5) and (5.6) we get dτ = (( scal
2
− 2λ1)c +mθ01) ∧ τ. Taking into account that
θ(K) = 0 as well as (5.16) it follows that LKτ = iχτ where the real valued function
2χ = mX
z
− z( scal
2
−2λ1). Due to (i) and (iii) in Proposition 5.5 this satisfies dχ ∈ Λ1V thus
Lemma 5.10 ensures that χ = k on O for some k ∈ R and the claim follows. Moreover
from the explicit expression for the function χ above
(5.17) z(
scal
2
− 2λ1) = mX
z
− 2k.
(iii) for V ∈ V the conformal Killing equation reads ∇V c ∧ τ + c ∧ ∇V τ = V 1,0 ∧ τ. Since
V is totally geodesic ∇V c belongs to Λ1,0V. Using (5.13) leads to
(5.18) ∇V c+ ((scal
2
− 2λ1)c+ θ01)(V )c = V 10.
By (5.16) we know that c = − iz
X(z)
g(K01, ·); since ∇VK01 = iX
′(z)
2
V01 by (5.11), we obtain
∇V c = zX
′(z)
2X
g(V01, ·) − i( zX)′ dz(V )g(K01, ·). Plugging these together with θ0,1 = iz−1K0,1
and (5.17) in (5.18) we see it is equivalent to the first order ODE X′ = (m+1)X
z
−2k. The
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claim follows by integration of the latter.
(iv) and (v) follow by using succesively (iii), (5.17), ρ = λ1ω
V + λ2ω
H and the general
formula for the Ricci form of a Calabi-type metric [28]. In our conventions it reads
ρ = π⋆ρN + Λ1ω
V + Λ2ω
H
where Λ1 = −12(X′′(z) + m−1z2 (X′(z)z − X(z))) and Λ2 = − 12z (X′(z) + (m− 1)X(z)z ).

In other words in equation (1.1) the form ϕ is entirely determined by τ and the moment
map z as well as the specific properties of the Calabi-type structure, i.e. Einstein base
and explicit form of the momentum profile X. Note that all the constraints involving θ,
including (5.6) are now solved. Theorem 1.1 is thus proved up to determining the structure
of τ w.r.t. this set of data. This is done in section 6.2. Specifically we describe Hermitian
Killing forms on Calabi type manifolds. As a consequence of Proposition 6.6, (ii), we obtain
the local form of τ as given in Theorem 1.1.
5.5. Global classification. Proposition 5.11 leads naturally to the identification of the
global invariants relevant to our set-up. The unique continuation property for Hermitian-
Killing forms can be used to fix the constants of integration over the manifold. We continue
working on a Ka¨hler manifold (M2m, g, J), m ≥ 3, equipped with a pair (ϕ, τ) satisfying
equation (1.1). Keeping the notation from the previous section we first prove that
Lemma 5.12. We have locally in M2
|τ |2 = C2X, |ϕ|2 = C2
2
z2
where the constant C2 is positive.
Proof. Taking the scalar product with τ in (5.13) yields dln |τ |2 = ( scal
2
− 2λ1)(c + c) + θ.
By taking succesively into account (5.16), (5.17), that θ = dln z together with the explicit
expression for X in Proposition 5.11,(iii) leads after some calculations to dln (|τ |2X−1) = 0
and the claim on the norm of τ follows. The norm of ϕ is computed with the aid of (i) in
Proposition 5.11. 
Proposition 5.13. Let (M2m, g, J), m ≥ 3, be a connected Ka¨hler manifold equipped with
a pair (ϕ, τ) satisfying (1.1). Assume that ∂ τ is not identically zero on M . Then
(i) p := |τ |2+ scal|ϕ|2
m(2m−1)
is a holomorphic Killing potential, that is K1 := −Jgrad p is an
holomorphic Killing vector field
(ii) if g is not Einstein there exists a constant k1 ≥ 0 such that LK1 τ = ik1τ and
LK1ϕ = ik1ϕ. Moreover
(5.19) | dp|2 + 1
2m
p∆p =
k1
m
p .
Proof. (i) Assume that M1 is not empty, i.e. g is not Einstein. Locally in M2 we have that
p = 2kC2
m
z by Lemma 5.12 and the expression for the scalar curvature from Proposition
5.11. Hence K1 = −Jgrad p = 2C2km K is a holomorphic Killing vector field w.r.t. g, around
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any point in M2. Therefore K1 has the required properties over M1, since M2 is dense in
the latter. On any open set where the metric is Einstein, that is Ric = 0, we have p = |τ |2.
Thus K1 has again the required properties by part (iii) in Proposition 4.1. By density it
follows that K1 is a holomorphic Killing vector field in M0. Since this set is dense in M
the claim is proved.
(ii) Pick some open set O ⊆M2 where bothK and X are defined. Over O we let k1 = 2k2C2m .
Since K1 is a global Killing vector field (LK1 −ik1)τ is a co-closed Hermitian Killing form.
By Proposition 5.11, (ii), the form (LK1 −ik1)τ = 0 vanishes over O hence identically in
M , as it follows from Corollary 3.6. Applying the operator LK1 −ik1 in equation (1.1) it
follows that (LK1 −ik1)ϕ is parallel. However, from (i) and (ii) in Proposition 5.11 together
with having K1 holomorphic we get that (LK1 −ik1)ϕ = 0 over O. These facts enable us
to conclude that (LK1 −ik1)ϕ = 0 over M .
To establish (5.19) we first work locally in M2. From (5.11) we have −〈dK♭, ω〉 =
X′(z)|ωV |2 + X
z
|ωH|2 = −2k + 2mX
z
. But K♭ = J dz hence 〈dK♭, ω〉 = ∆z and further
∆z = 2k − 2mX
z
. Since p = 2kC2
m
z we get |dp|2 = (2kC2
m
)2X(z) and it follows, by direct
verification, that equation (5.19) is satisfied around each point in M2, hence by density in
M1.
Let us now work over some open set in M0 where g is Einstein. Since K1 = K in the
notation of section 4 and k = | ∂ τ |2 we obtain, by Proposition 4.1,(v) that LK1τ = ik1τ
with k1 =
k
m
≥ 0. Equation (5.19) is precisely equation (4.3) established in section 4. Thus
(5.19) holds around points where g is Einstein, hence everywhere in M0, respectively M ,
by density. 
Proof of Theorem 1.2. Recall that M is assumed to be compact and equipped with a
primitive conformal Killing form, i.e. a pair (ϕ, τ) satisfying (1.1). If ∂ τ = 0 over M we
have τ = 0 by Lemma 5.2. If g is an Einstein metric then τ = 0 by Remark 4.2, (ii).
Therefore, we assume that the set M1 is not empty and that ∂ τ is not identically zero in
M . Based on Proposition 5.13 we show how this leads to a contradiction by distinguishing
the following cases:
i) K1 = 0. Observe first that M1 must be dense in M0 (thus in M). Indeed if g
is Einstein on some open region in M0 it must be Ricci flat on that region by
Proposition 4.1, (i). By (iv) in the same Proposition it follows that τ = 0 on some
open subset in M0 which is a contradiction with the definition of the latter.
Note that, locally inM2, the moment map z is not constant and that C2 > 0. Thus
if p = kC2
m
z is constant it must vanish identically, i.e. p = 0 on M and k = 0.
To obtain a contradiction with having M1 non-empty we proceed as follows.
Computation on connected components of M2 yields
(dJd)|ϕ|2 =C2(z(dJd)z + dz ∧ Jdz) = −C2(zX′ωV + XωH + XωV)
=− |τ |2((m+ 2)ωV + ωH).
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We have succesively used the expressions for the norms of ϕ, τ in Lemma 5.12,
equation (5.11) as well as X = C1z
m+1, since k = 0. It follows that ((dJd)|ϕ|2)∧m =
(−1)m|τ |2m(m + 2)ωm on M1 and hence, by the density arguments above, on M .
The desired contradiction follows by applying Stokes’ theorem.
ii) K1 does not vanish identically. Let x+ be a maximum point for p, withm+ = p(x+).
Then dp vanishes at x+ hence by equation (5.19) we obtain m+(∆p)(x+) = 2k1m+.
The maximum principle implies (∆p)(x+) ≤ 0. Thus, if m+ 6= 0, we get that
k1 = 0. Integrating equation (5.19) over M shows then dp = 0, a contradiction.
If m+ = 0 then p ≤ 0 over M ; since k1 ≥ 0 integration in (5.19) followed by a
positivity argument leads again to the vanishing of K1, a contradiction.
6. Hermitian Killing forms on Calabi type manifolds
6.1. Calabi-type metrics. We briefly recall the construction of Calabi-type metrics on
total spaces of complex bundles. Let C = R2 be equipped with real co-ordinates x, y and
complex structure JC determined from JC∂x = −∂y. We work with metrics h on C(or
some open part of it) with respect to which JC is orthogonal and the S
1-action given by
complex multiplication is holomorphic and Hamiltonian,thus isometric. We require that
the moment map for the circle action, determined from KCyωh = dzh satisfies zh > 0. Note
that KC = −y∂x + x∂y.
Let (N2(m−1), gN , JN), m ≥ 3 be a Ka¨hler manifold with Ka¨hler form ωN = gN(JN ·, ·).
Let L→ N be a Hermitian line bundle equipped with a Hermitian connection D such that
RD = iωN ⊗ 1L with the curvature convention RD(X, Y ) = −D2X,Y +D2Y,X , X, Y ∈ TN .
The manifold M = L has a natural circle action induced by complex multiplication in
the fibers; we denote by K its infinitesimal generator. Then M can be recovered as the
associated bundle P ×S1 C, where P is the sphere bundle of L and the free circle action on
P × C is (m,w)z = (mz,wz−1). Indicating with V the real rank two distribution tangent
to the fibers of L we obtain a direct sum splitting TM = V ⊕H as follows. The connection
in the principal bundle S1 →֒ P × C p→ M has horizontal distribution HP ⊕ TC, where
HP = kerΘP and ΘP is the connection in P induced by D. In this picture, V respectively
H are the projection of TC ⊂ T (P × C) respectively HP ⊆ T (P × C) down to TM .
The canonical complex structure J on M , preserving V and H, is obtained as follows:
on V it is induced by the canonical complex structure on C while on H it is the horizontal
lift of the complex structure from N .
A Calabi-type metric on M is a circle invariant Riemannian metric g, Ka¨hler w.r.t J
essentially caracterised by the following requirements. The Ka¨hler form ω = ωV + ωH
according to TM = V ⊕H where
p⋆ωV = ωh +Θ
P ∧ dzh, ωH = zωN
and z = p⋆zh : M → (0,∞) is a moment map for the canonical circle action, i.e. Kyω = dz.
Moreover we impose that the length function g(K,K) = X(z) for some smooth function
X : (0,∞)→ [0,∞). W.r.t. V the Ka¨hler manifold (M, g, J) is of Calabi type in the sense
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of Definition 5.8. Indeed it is easy to check that V is totally geodesic, holomorphic and
conformal, with Lee form θ = dln z.
6.2. Lifts. We determine, on Ka¨hler manifolds (M, g, J) as constructed above, the struc-
ture of the space HK0,m−1(M, g). In particular, we will make explicit instances when (g, J)
admits co-closed Hermitian Killing forms. The main ingredient in this computation is to
show how to lift, canonically, sections of Λp,q(N,L) to differential forms on M and how to
compare the Dolbeault operators ∂ : Λp,q(N,L)→ Λp+1,q(N,L) and ∂ : Λp,qM → Λp+1,qM .
For sections γ ∈ Λp,q(N,Lk), k ∈ Z we indicate with γ˜ the canonical lift of γ to
Λp+q(P,C).
Lemma 6.1. We have a well defined map Λp,q(N,Lk)→ Λp,qH, γ 7→ γˆ uniquely determined
from
(6.1) p⋆ γ̂ = wk γ˜ if k ≥ 0 respectively p⋆γˆ = w−k γ˜ if k ≤ 0.
Proof. From the definitions the lift γ˜ of γ ∈ Λp,q(N,Lk) to P is −k-equivariant, that is
R⋆z γ˜ = z
−k γ˜, where (Rz)z∈S1 denotes the principal circle action in P . It follows that the
form wk γ˜ ∈ Λp+q(P × C) if k ≥ 0(or w−k γ˜ ∈ Λp+q(P × C) if k ≤ 0) is circle-invariant
with respect to the principal circle action on P × C; since it moreover vanishes on TC, it
projects onto M according to (6.1). By construction γ̂ belongs to Λp,qH. 
We denote by d : Λq(N,Lk) → Λq+1(N,Lk) the exterior derivative coupled with the
connection D in L. The orthogonal projection onto Λ⋆H of the ordinary exterior derivative,
acting on Λ⋆H, will be denoted by dH.
Proposition 6.2. The lifting map γ 7→ γ̂ has the following properties
(i) for any γ in Λp,q(N,Lk) the lift γ̂ belongs to Λp,qH and
LK γ̂ = −ikγ̂, LJK γ̂ = kγ̂, dHγ̂ = d̂γ
(ii) any β in ΛqH such that LK β = −ikβ, LJK β = kβ satisfies β = γ̂ for some γ in
Λq(N,Lk)
(iii) we have
∂ γ̂ = ∂̂ γ
X∂γ̂ = 2k∂z ∧ γ̂ + X∂̂γ
(6.2)
whenever γ is in Λp,q(M,Lk).
Proof. (i) to see that γ̂ ∈ Λp,qH, notice that the complex structure J on M can, alter-
natively, be recovered by projecting down to M the sum of JC and the lift of JN to H.
Differentiation in (6.1) while assuming k ≥ 1 leads to
(6.3) p⋆(dγ̂) = wk dγ˜ + kwk−1 dw ∧ γ˜ = p⋆(d̂γ) + kwk−1(dw − iwΘP ) ∧ γ˜,
by using the standard formula dγ˜ = d˜γ − iΘP ∧ γ˜. Since dw − iwΘP in Λ1(P × C) is
horizontal and vanishes on H the last part of the claim follows by projection onto M .
The expressions for the Lie derivatives follow by evaluation of the displayed formula on
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−y∂x + x∂y, x∂x + y∂y which we recall are the horizontal lifts of K, JK to P × C.
(ii) the pull back α = p⋆β belongs, by construction, to ΛqHP ⊆ Λq(P × C). Lift-
ing K, JK horizontally to P × C the set of requirements on β becomes L−y∂x+x∂y α =
−ikα, Lx∂x+y∂y α = kα. Then wL∂x α = kα, wL∂y α = −ikα showing that 1wkα is con-
stant in direction of C for w 6= 0. By continuity α = wk σ where σ is in ΛqP . Since α is
invariant w.r.t to the circle action on P ×C, we have R∗z σ = z−k σ, z ∈ S1. Tautologically
σ = γ˜ with γ in Λq(N,Lk) and the claim is proved.
(iii) follows from the definition of the lifting map and (6.3). 
It is well known that letting I := −J|V+JH yields an integrable almost complex structure,
orthogonal w.r.t. g. The Chern connection ∇c = ∇+ 1
2
(∇I)I of (g, I) turns out to be the
projection of the Levi-Civita connection of g onto the splitting TM = V ⊕ H(see [22] for
details and more general results). We have
(6.4) ∇cXHY H = (∇gNX Y )H
for all X, Y in TN , where ∇gN is the Levi-Civita connection of gN and where XH is the
horizontal lift of X to H. Then
(6.5) ∇cXHα̂ = ∇̂Xα
where X is in TN , α is a section of Ωp,q(N,Lk) and ∇ is the coupled connection therein.
Key to solving differential equations on M is comparing differential operators on M in
terms of their horizontal and vertical counterparts.
Lemma 6.3. The following hold
(i) we have
(6.6) ∇Xτ = ∇cXτ −
i
z
K01 ∧ (Xy τ)
whenever (X, τ) ∈ H × Λ0,pH
(ii) as well as
(6.7) LK01 = ∇K01 +
ipX
2z
on Λ0,pH.
Proof. By (5.11) we have Ky∇Xτ = −∇XKy τ = − i2zX(z)Xy τ and the claim follows
easily. The claim in (6.7) follows by using again (5.11) in the comparaison formula (4.5). 
Indicating with ∂H the component on Λ
0,⋆H of ∂ acting on Λ0,⋆H a straightforward
argument leads to
(6.8) ∂ = ∂H+
2
X
K01 ∧ LK01 on Λ0,⋆H.
If E is a holomorphic line bundle over N we denote with
HK0,p(N,E) := {τ ∈ Λ0,p(N,E) : ∇01τ = 1
p+ 1
∂ τ}
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the space of E-valued Hermitian Killing (0, p)-forms, p ≥ 1. When p = 0 we define
HK0,0(N,E) := {s ∈ Γ(E) : ∂ s ∈ HK0,1(N,E)}. We denote with Lk, k ∈ Z the k-th tensor
power of L.
Theorem 6.4. We have an isomorphism⊕
k∈Z
[
HK0,p−1(N,Lk)⊕ HK0,p(N,Lk)
]
→ HK0,p(M, g), (τ1, τ2) 7→ ∂(zpτ̂1) + zp+1τ̂2
whenever p ≥ 1.
Proof. Pick τ ∈ HK0,p(M, g); since the operator ∇01 − 1
p+1
∂ is invariant under LK after
expanding τ as a Fourier series we may further assume that LK τ = ikτ with k ∈ Z. Write
τ = K0,1 ∧ τ1 + τ2 off the zero set of K. Then
∂ τ = K01 ∧ ∂ τ1 + ∂ τ2 = −K01 ∧ ∂H τ1 + ∂H τ2 + 2
X
K01 ∧ LK01τ2
after expanding ∂ according to (6.8). Since K is holomorphic we have ∇01K01 = 0 thus
the Hermitian Killing equation yields
K01 ∧∇K01τ1 +∇K01τ2 =
1
p+ 1
K01y ∂ τ =
1
p+ 1
(−X
2
∂H τ1 + LK01τ2).
The components of the displayed equation on K01 ∧ Λ0,p−1H respectively Λ0,pH thus read
∇K01τ1 = 0, ∇K01τ2 =
1
p+ 1
(−X
2
∂H τ1 + LK01τ2).
In terms of the Lie derivative, using (6.7) leads to
LK01τ1 =
i(p− 1)X
2z
τ1, LK01τ2 −
i(p + 1)X
2z
τ2 = − X
2p
∂H τ1.
It follows easily that LK01(z−(p−1)τ1) = 0 thus τ1 = zp−1α̂1 with α1 ∈ Λ0,p−1(N,Lk), in
particular τ1 is globally defined and ∂H τ1 = z
p−1∂̂ α1. Having τ1 thus parametrised leads
easily to τ2 = − ipzp∂̂ α1 + zp+1α̂2 with α2 ∈ Λ0,p−1(N,Lk). In other words
τ = − i
p
∂(zpα̂1) + z
p+1α̂2.
There remains to examine the Hermitian Killing equation on τ in direction of H. Since
∂ τ = zp+1∂̂ α2 + ∂(z
p+1) ∧ α̂2 the latter reads
K01 ∧ ∇01X τ1 +∇01X τ2 =
1
p + 1
zp+1Xy∂̂ α2 − 1
p+ 1
∂(zp+1) ∧ (Xyα̂2), X ∈ H
after also taking into account that ∇01K01 = 0. Identifying components whilst simultane-
ously using Lemma 6.3 yields
∇cX01τ2 =
zp+1
p+ 1
Xy∂̂ α2, ∇cX01τ1 =
i
z
Xy(τ2 − zp+1α̂2).
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Projected down on N via Lemma 6.3 the second equation reads ∇01α1 = 1p ∂ α1. Similarly
the first has two components with coefficients zp and zp+1 thus we arrive at ∇01(∂ α1) = 0
and α2 ∈ HK0,p(N,Lk). When p = 1 this simply states that α1 ∈ HK0,0(N,Lk). When p ≥
2 we know by Proposition 3.5,(i) that ∂ α1 ∈ HK0,p(N,Lk) and the proof is complete. 
At this stage a few remarks are in order. If E is a holomorphic line bundle over N we
denote with H0,p(N,E) the space of E-valued holomorphic forms of type (0, p) and let
KN := Λ
0,m−1N .
Remark 6.5. (i) Theorem 6.4 provides many examples of Ka¨hler structures carrying
Hermitian Killing forms. Via the identification HK0,m−1(N,Lk) = H0(N,KN ⊗Lk)
it provides an injection
⊕
k∈ZH
0(N,KN ⊗ Lk) → HK0,m−1(M, g) and also proves
Theorem 1.3 in the introduction.
(ii) whilst the examples above are not compact, no constraint on the momentum profile
is imposed; if the latter is choosed to grow at most quadratically [13] the metrics
under consideration are complete.
As far as co-closed Hermitian Killing forms are concerned we can make the following
Proposition 6.6. Let τ ∈ HK0,m−1(M, g) ∩ ker d⋆ be such that τ|V = 0. Then, assuming
that m ≥ 3
(i) ρN = kωN where k ∈ Z(and hence KN ∼= L−k)
(ii) up to multiplication by a constant τ = zmîd where id ∈ Λ0,m−1(N,L−k) is induced
by the vector bundle isomorphism above.
Proof. From the Ka¨hler identities having d⋆τ = 0 is equivalent with L⋆ω(∂τ) = 0 that is
L⋆ω(∂Hτ) = 0. Since Lω : Λ
0,m−2H → Λ1,m−1H is an isomorphism it follows that ∂Hτ = 0.
This allows writing τ = zmτ0 where τ0 ∈ Λ0,m−1H satisfies dH τ0 = 0 and LK01τ0 = 0.
Decomposing τ0 as a Fourier series, or locally as as holomorphic series in w ∈ C, the
coefficients τk0 = γ̂k where γk ∈ Λ0,m−1(N,L−k), k ∈ Z. Thus ∇γk = 0 according to
Theorem 6.4. If γk is not zero it provides an isomorphism between KN and L
−k hence k is
uniquely determined from ρN = kωN and both claims are proved. 
End of Proof of Theorem 1.1
Proposition 5.11 fully describes the local geometry of (g, J) as well as the expression for ϕ
in terms of τ . To complete the argument there remains to describe τ , which by Proposition
3.9 is in the space HK0,m−1(M, g)∩ker d∗. Since the arguments in the proof of Proposition
6.6,(ii), are purely local we still have τ = zmîd.
We conclude this section by establishing the maximal domain of definition of the solutions
(ϕ, τ) to equation (1.1) constructed in Proposition 5.11. Clearly the form τ = zm îd is
defined on the whole of M = L.
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Proposition 6.7. Let M = K
− 1
k
N with k ∈ Z×. Consider the metric g with momentum
profile X = z(C1z
m + 2k
m
), C1 ∈ R together with ϕ = zm+1X(z) ∂z ∧ îd. The maximal domain of
definition for the pair (g, ϕ) is
(i) M× if k > 0 > C1
(ii) {r > a} with a = (C1λ)− 12k if C1 > 0 > k
(iii) {0 < r < a} with a = (C1λ)− 12k if C1, k > 0
(iv) M× if C1 = 0.
Proof. To deal with g and ϕ we recall a few facts concerning the metrics ωh on C. We
have ωh = −(dJC d)F (r) where r2 = x2+ y2. The moment map is given by zh = G(r) with
G(r) = rf ′(r) thus the positivity conditions are G,G′ > 0. Thus h(KC, KC) = rG
′(r); the
desired momentum profile corresponds to G solving the ODE rG′(r) = G(r)(C1G
m + 2k
m
).
The solutions are
Gm(r) =
2kλr2k
m(1− C1λr2k)
where λ > 0. Also record that
zm+1
X(z)
∂z = Gm+1(r)∂ln r.
All statements follow now easily from these facts. Note that the maximal domain for ϕ
alone can be larger than that for g and also that g is incomplete for m ≥ 3 since then X
does not grow quadratically [13]. 
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